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A Trotter-Lie type formula for semigroups of nonlinear operators on a 
Banach space X into itself, which are generated by compact operators, is 
proved. 
1. INTRODUCTION 
If u(t) = exp(ts) and e)(t) = exp(tB) are one parameter subgroups 
of a Lie group then 
Fz (u(t/n) e)(t/n))” = exp(t(d + B)). (1-l) 
This classical result was extended by Trotter [l] to semigroups of 
linear operators on a Banach space X. Trotter proved that if A and B 
are the infinitesimal generators of strongIy continuous semigroups 
eQ and etB of linear contractions on a Banach space X, and if the closure 
of A + B is an infinitesimal generator C, then 
h&F(t/n)nx = etcx (1.2) 
whereF(t) = eU * efB. Chernoff [2] realized that the conclusion remains 
true if C is the closure of the strong derivativeF’(0) of F(t) at t = 0 and 
that the special form of F(t) is irrelevant to the result. 
The results of Trotter and Chernoff were generalized in [3, 41 to 
semigroups of nonlinear contractions on a Hilbert space, and in [SJ 
to semigroups of contractions on a general Banach space X. These 
results contain as a very special case semigroups which are generated 
by a Lipschitz continuous, everywhere defined operator. 
In the above mentioned results, the fact that the semigroups were 
semigroups of contractions (or more generally semigroups generated 
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by an operator A of the class d(w)) was essential. In the present 
note we shall study a class of semigroups of nonlinear operators which 
is not covered by the previously mentioned results. These are semi- 
groups (or groups) of nonlinear operators which are generated by 
everywhere defined locally uniformly continuous compact operators. 
We shall see that if F(t) is strongly differentiable at t = 0 uniformly 
on bounded sets in X and its derivative F’(0) is continuous, compact, 
and generates a semigroup, then a formula analogous to (1.2) holds 
true. From this formula we then derive, see Theorem 2.4, an analog 
of the classical result (1.1). 
Semigroups of nonlinear operators which are generated by locally 
uniformly continuous compact operators include in particular all 
semigroups generated by a continuous operator in a finite-dimensional 
Banach space. In this context our results are closely related to the well- 
known theorem that consistency and stability of certain one step 
difference schemes for a system of ordinary differential equations 
imply the convergence of the approximate solutions to the solution of 
the corresponding system of differential equations, see e.g., [6]. Our 
result, and in particular Corollary 2.5, also extend to nonlinear 
ordinary differential equations the method of “fractional-steps.” 
These and other applications to ordinary differential equations will be 
studied elsewhere. 
2. THE MAIN RESULTS 
Let X be a Banach space and let G: X -+ X be continuous. Consider 
the initial value problem: 
du/dt = G(u) u(0) = x. (2.1) 
If the initial value problem (2.1) has a unique global solution u(t; x) 
for every x E X then the solution operator s(t) defined by S(t)x = 
u(t; x) is well defined and satisfies: 
(i) S(0) = I, where I is the identity operator on X. 
(ii) S(t)x is continuous in x and continuously differentiable in t. 
(iii) s(t + s)x = s(t) S(s)x for s, t > 0. 
The family S(t), t > 0 is therefore a (Cl) semigroup of continuous 
operators on X. The function G is called the injh’tesimalgenerator of 
S(t)* 
It is well known that if X is a general Banach space and G: X -+ X 
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is continuous, then the initial value problem need not have even a 
local solution, see, e.g., [7]. However, if G is continuous and compact, 
i.e., maps bounded sets in X into precompact sets in X, then for every 
x E X the initial value problem (2.1) has a local solution u(t; x) (see, 
e.g., [S-lo]). Th is solution need not be unique and it may exist only 
for a small interval of t depending on x. In this note however, we shall 
usually assume that G: X --t X is a continuous compact operator for 
which the initial value problem (2.1) has a unique global solution, 
without stating explicit conditions which assure this global existence 
and uniqueness. We note that all the results can be localized in t if 
instead of assuming global existence and uniqueness of the solution of 
(2.1) one only assumes uniqueness of the solution. 
Our main result is the following proposition: 
PROPOSITION 2.1. Let X be a Banach space and ZetF(t), 0 < t < 00 
be a famiZy of maps of the closed ball BR(x) = {y: 11 y - x 11 ,< R) into 
X. If G is a continuous compact map of BR(x) with values in X and 
(a) the limit 
‘;% ((WY - r&l = G(Y) 
holds uniformZy for y E BR(x), and 
(b) the initial value problem (2.1) has a unique soZution u(t; x) 
existing for 0 < t < T, then there exists a Tl , 0 < Tl < T such that 
lj+fn,F(t/n)lzx = u(t; x) O<t<T, (2.2) 
and the limit in (2.2) is uniform in 0 < t < Tl . 
Proof. Set 
G(t, Y) = t-V(t)y - Y). (2.3) 
From the continuity of G(y) in BR(x) and from the assumption (a) it 
follows that there are constants 0 < 6 < R and M > 0 such that 
11 x - y 11 < 6 and 0 ,< s < 6 imply I/ G(s, y)ll < M. Let T,, = 
min(6, 6/M). 
For every 0 < p < Tl = QT,, , we construct a piecewise linear 
function u,(t), 0 < t < Tl as follows; u,,(t) = x. For 0 < p < Tl we 
define u,(t) at the points ti = pj by 
z&J = F(p)jx (F(p)% = x) (2.4) 
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and on the interval ti < t < ti+l , u,,(t) is defined by 
%(t> = f-w - t5) %(ti+1) + (t5+1 - t> %(t5)1* (2.5) 
We shall now prove that the family {up(t): 0 < p < Ti) is well 
defined, uniformly bounded, and equicontinuous on the interval 
0 < t < Tl . 
It is clear that u,(t) is well defined on the interval [0, kp] as long as 
F(p)jx E By for all 0 < j < k. Let K, be the positive integer 
defined by relations pK, < Tl , p(K,, + I ) > Tl . Clearly, 
Assuming that I/ u,(Kp) - x I/ < 6 for 1 < k < j, we obtain from (2.4) 
Therefore, 11 u,( jp) - x // < 6 for 1 < j < K, + 1 and up(t) is well 
defined for 0 < t < Tl . Moreover, from the definition of u,(t) it 
follows readily that 
(2.6) 
and therefore, /j u,(t)11 < I/ x I/ + 6 = Ml for all 0 < p < Tl , 
0 < t < Tl , and the family {u,,(t): 0 < p < T,} is uniformly bounded 
on [Q TJ. 
LetT,>t>3>Oandlet(k---l)p<s<kp,mp<t<(m+ 1)~. 
Then 
II u,(t) - @)II G II %(t) - Qv)ll + II %4v) - Uvll + II db) - @>ll 
m-1 
l=k-1 
+ (b - 4 II Gh u,((k - lM)ll 
< (t - mp)M + (m - k) pM + (kp - s)M = (t - s)M, 
and therefore the family {u,,(t): 0 < p < Tl} is equicontinuous on 
P9 TII. 
We next restrict ourselves to a fixed sequence {pn}nal satisfying 
pn -+ 0 as n + CO and prove that for every fixed t, 0 < t < Tl , the 
sequence {~~,(Q)L is precompact in X. This is clear for t = 0 since 
~~~(0) = x for all n > 1. Let t > 0 be fixed and for each n let I,& be the 
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positive integer defined by the relations: p,Z, < t, p,(Z, + 1) > t. Let 
Kp, be defined as above and consider the set 
E = (y: y = F(p,)jx, n = 1, 2, 3 ,..., j = 1, 2 ,..., Ken + l}. 
From (2.4) and the boundedness of up(t) it follows that the set E is 
bounded. Since G is compact the set G(E) is precompact and by 
Mazur’s theorem ~~nv G(E), the closed convex hull of G(E), is 
compact. Let 
1,-l 
F,x = x + pn c WWW. 
j=O 
Since (J+&-~(F~ x - x) E conv G(E) and 1 Z,p, - t 1 < pn it follows 
easily that the sequence {Fnx}& is precompact. Now, 
II u&> -Fnx II < II u,,(t) -FhJznxIl + IIFhJznx --F,xIl 
1,-l 
< P,M + in 1 II G(pla ,F(P~Yx> - W(~nP>li (2.7) 
j=O 
Since G(p, y) + G(y) uniformly in B*(X) and E C Bs(x), it follows 
from (2.7) and the precompactness of the sequence (F,x}& that the 
sequence {up,(t)};cl is precompact. 
The sequence {u,Jt)};zl is thus uniformly bounded on [0, T,], 
equicontinuous on this interval, and for every t, 0 < t < 7’r, it is 
precompact in X. Therefore, by Arzela-Ascoli’s theorem a sub- 
with values ??6! 
sequence 24 t converges uniformly on [0, T;I to a function a(t) 
From the definition of the functions u,,(t) it follows that u,,(t) is 
differentiable on [0, TJ except for the points tj = jp, and 
4”(t) = WP, > %,(~P,)) for kpn < t < (k + l)p, . 
Therefore, 
u&) = x + lt G(P, 3 %“W ds + Lt Us) ds (2.8) 
where 
“n(s) = ‘3pn 2 u,,@P~)) - G(pn 9 ho,) for kpn < s < (k + I)p, 
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and 
G 2 2; II Wn ,Y> - G(r)11 + II G@,,&J) - W&Nll. (2.9) 
From (2.9) it follows that 11 d,(s)/1 < K for some constant K and 
furthermore, 
h-n II Adk)(s)ll = 0. 
n(k)im 
(2.10) 
Passing to the limit as n ---f 00 through the subsequence pnfk) in (2.8) 
and using (2.10) we obtain 
v(t) = x + j” G@(s)) ds 0 < t < Tl . (2.11) 
0 
Therefore V(S) is a solution of the initial value problem (2.1) on the 
interval [0, TJ. Since the solution u(t; x) of (2.1) is assumed to be 
unique (assumption (b)) it follows that v(t) = u(t; LX). Moreover, every 
subsequence of {am,}& h as a subsequence which converges 
uniformly to u(t; x) on [0, TJ and therefore the whole sequence up,(t) 
converges to u(t; x) uniformly on [0, Tr]. 
The previous argument can be carried out for every sequence 
(p,>,“,, satisfying lim,,, fn = 0 and therefore we have 
bz q(t) = u(t; x), (2.12) 
and the limit is uniform on [0, TJ. 
Finally, taking fn = t/n we obtain the desired result (2.2) for the 
interval [0, Tr]. m 
It is clear from the proof of Proposition 2.1 and in particular from 
Eq. (2.12) that for every sequence pn -+ 0 satisfying npn. + t we have: 
p$$Ln)“x = u(t; x). (2.13) 
It is also clear from the proof of Proposition 2.1 that in the case where 
the initial value problem (2.1) d oes not have a unique solution there is 
always a subsequence n(K) of the positive integers such that 
nfjhmF(t/n(k))Q(% = up; x) 
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where u(t; 3) is a solution of the initial value problem (2.1) and the 
convergence is uniform on the interval [0, 7’i-J. 
We turn now, to the following global result. 
PROPOSITION 2.2. Let Xbe a Banach space and ZetF(t), 0 < t < 0~) 
be a family of maps of X into X. If G is a continuous compact map of X 
into X and, 
(a) for every y E X we have 
1;~ ((Wy - r)/t) = G(Y) 
and the limit is locally un;form (i.e., every y E X has a neighborhood in 
which the limit is uniform), and 
(b) the initial value problem (2.1) has a unique global solution 
u(t; x), then 
l&F(t/n)“x = u(t; x) (2.14) 
and-the limit in (2.14) is uniform on compact subsets of [0, co). 
Proqf. We define the family of functions {up(t): p >, 0} as in the 
proof of Proposition 2.1. Since F(t) is everywhere defined u,(t) is 
defined for all t > 0. In the proof of Proposition 2.1 we have seen that 
u,(t) -3. u(t; CC) as p -+ 0 uniformly on [0, Ti] for some TI > 0. We 
note that the same conclusion holds if we modify the definition of 
up(t) by defining it as z&j) = F(p)iq, at the points ti = jp and 
linearly between those points, as long as we assume that x,-+x as 
p +o. 
From the argument in Proposition 2.1, it follows that for any given 
z E X there is a neighborhood V of x and a 6 > 0 such that the formula 
corresponding to (2.12) holds for every y E V uniformly for 0 < t < 6. 
Let T,, be the least upper bound of all positive T for which u,(t) --t 
u(t; x) uniformly on [0, T]. If T,, < CO let x = u(T,; x) and choose V 
and 6 corresponding to z as above. Choose T E (T,, - 6, T,) so that 
y = u(T; x) lies in V and replace x in the proof of Proposition 2.1 
by y. Using the remark that we have made at the beginning of the proof 
we see that uo(t) -+ u(t; y) = u(t + T; x) as p -+ 0 uniformly on 
[0, 61 which implies that up(t) --f u(t; x) uniformly on [0, T + 61 
contrary to the definition of To since T + 6 > T, . Therefore 
T,== co. h 
In order to prove the nonlinear analogue of the Trotter-Lie 
formula we shall need the following lemma. 
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LEMMA 2.3. Let G(x) be a locally uniformly continuous function of 
X into X. If G is thegenerator of a semigroup S(t) of continuous mappings 
of X into X then the limit 
is locally unsform. 
1;: (S(t)x - x)/t = G(x) (2.15) 
Proof. Let x0 E X and let BR(x,,) = {x: I/ x - x,, jl < R} be such 
that G(x) is uniformly continuous in BR(x,,). Let R, < R be such 
that y E B,,(x,) implies 11 G(y)11 < M for some constant M. If 
x E Bqs(x,,) then for 0 < t < R,/2M we clearly have I/ S(t)x - x 11 < 
Mt < R,/2. Let x E B,+(q,) and consider 
IIWW - x)/t) - G(4l G (l/t) j; II WW4 - GG-4 ds. 
Since for 0 < s < R,/2M S( s ) x E BR(x,,) and in BR(x,,) G is uniformly 
continuous it follows that the limit in (2.15) holds uniformly in 
BR1 /z(%). I 
THEOREM 2.4. Let X be a Banach space and let G and H be con- 
tinuous maps defined on X into X. If 
(a) G and H are locally uniformly continuous, 
(b) G and H are the injinitesimal generators of semigroups S(t) 
and T(t) respectively, 
(c) G + H is a continuous compact map of X into X, and 
(d) G + H is the infnitesimal generator of a semigroup W(t), 
then, for every x E X we have 
W(t)x = i+i (T(t/n) S(t/n))nx (2.16) 
and the limit is umform on compact subsets of [0, co). 
Proof. Set F(t) = T(t) S(t). Clearly F(t) is a continuous map of X 
into X. Now, 
wx - x = 
t 
T(t) S(t)x - S(t)x + S(t)x - x 
t t * (2.17) 
From Lemma 2.3 it follows that t-‘(T(t) y - y) ---f H(y) locally 
uniformly in y. Therefore t+(F(t)x - x) 4 H(x) + G(x) locally 
uniformly and the result follows from Proposition 2.2. 1 
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We do not know whether or not the uniformity of the limit in parts 
(a) of the Propositions 2.1 and 2.2 is necessary for the result to be true 
in a general Banach space X. It is clear that if the uniformity is not 
necessary then condition (a) of Theorem 2.4 is superfluous and the 
theorem holds for semigroups generated by general continuous 
compact operators. This is true if X has finite dimension. 
In Rn (or in any finite-dimensional Banach space) Propositions 2.1 
and 2.2 take a simpler form since every continuous map is compact. 
In particular, Theorem 2.4 takes the following simple form. 
COROLLARY 2.5. Let G and H be continuous maps of Rn into Rn. 
If G, H and G + H generate semigtoups S(t), T(t) and W(t), respec- 
tively, then 
W(t)x = ;z (T(t/n) S(t/n))“x (2.18) 
and the limit is uniform on compact subsets of [0, co). 
REFERENCES 
1. H. F. ?kOTTER, On the product of semi-groups of operators, PYOC. Amer. Math. 
sot. 10 (1959), 545-551. 
2. P. R. CHERNOFF, Note on product formulas for operator semigroups, J. FunctiomZ 
Analysis 2 (1968), 238-242. 
3. H. BERZIS AND A. PAZY, Semigroups of nonlinear contractions on convex sets, 
J. Functional Analyti 6 (1970), 237-281. 
4. A. PAZY, Semi-groups on nonlinear contractions in Hilbert space, in “Problems in 
Nonlinear Analysis,” pp. 343-430, C.I.M.E., Varenna, 1971. 
5. H. B~IS AND A. PAZY, Convergence and approximation of semigroups of nonlinear 
operators in Banach spaces, J. Functional Analysis 9 (1972), 63-74. 
6. P. HENRICI, “Discrete Variable Methods in Ordinary Differential Equations,” 
John Wiley and Sons, New York, 1962. 
7. J. YORKB, A continuous differential equation in Hilbert space without existence, 
Funk&al. Ekvac. 13 (1970), 19-21. 
8. M. A. KRASNOSEISKII, S. G. KREIN, AND P. E. SOBOWSKII, On differential equa- 
tions with unbounded operators in Banach spaces, Dokl. Akad. Nauk SSSR 3 
(1956), 19-22. 
9. H. B-IS, Equations et inequations non lineaires dans les espaces vectoriels en 
dual@ Ann. Inst. Fourier (Grenoble) 18 (1968), 115-175. 
10. R. H. MARTIN, Remarks on ordinary differential equations involving dissipative 
and compact operators, to appear. 
